arXiv:1501.01922vl [math.FA] 8 Jan 2015 


On the parallel sum of positive operators, forms, and 

functionals 

Zsigmond Tarcsay 

Abstract. The parallel sum A : B oi two bounded positive linear operators A,B on a 
Hilbert space H is defined to be the positive operator having the quadratic form 

inf{(A(a; -y)\x-y) + {By \y)\y G H} 

for fixed x € H. The purpose of this paper is to provide a factorization of the parallel 
sum of the form JaPJ'X where Ja is the embedding operator of an auxiliary Hilbert 
space associated with A and B, and P is an orthogonal projection onto a certain linear 
subspace of that Hilbert space. We give similar factorizations of the parallel sum of 
nonnegative Hermitian forms, positive operators of a complex Banach space E into its 
topological anti-dual A', and of representable positive functionals on a *-algebra. 


1. Introduction 

Let H he a complex Hilbert space with inner product (• | •) and denote by ^{H) the 
C^-algebra of all continuous linear operators acting on H. An operator A G AS{H) is 
called positive, as usual, if its quadratic form is nonnegative, that is, 

{Ax I x) > 0, X E H. 

If we are given another positive operator B G AS{H) then the parallel sum of A and B 
can be dehned being the (unique) positive operator A : B possessing the quadratic form 

(1.1) ((A : B)x I x) = inf {(A(x -y)\x-y) + {By\ y)], 

y&H 

cf. Ando [3]. The parallel sum has been introduced hrst by Anderson and Dufhn [2] 
for positive dehnite matrices, i.e., for positive operators on a hnite dimensional Hilbert 
space by setting A : B = A{A + B)~^B. The concept of parallel sum of (not necessarily 
invertible) positive operators on arbitrary Hilbert spaces is due to Anderson [1]. This 
concept has been studied by plenty of authors (see eg. [3, 4, 8]) and has found a wide 
range of applications. In the present work we give a new construction of the parallel sum. 
Namely, we provide A : B via factorization of the form A : B = JaPJ*a where P is an 
orthogonal projection of an auxiliary Hilbert space and Ja is a bounded linear operator 
from that space into PI. Our method is based on the observation that the square root 
of formula (1.1) can be regarded as the distance between Ax and {{Ay, By) \ y G H} in 
an appropriate metric. In this section we also provide some further factorizations of the 
parallel sum. One of these enables us to characterize the range of {A — {A : B))^P. 
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Ando [3] applied the parallel sum as a powerful tool by investigating Lebesgue type 
decompositions of positive operators. His definition (1.1) of the parallel sum however 
makes only use of the quadratic forms of the operators under consideration (the reader is 
referred to [15] or [17] for a purely operator theoretic approach to the Lebesgue decompo¬ 
sition). This observation made it possible to introduce the parallel sum of two nonnegative 
Hermitian forms. In fact, if t and to are forms on a complex vector space Qi then 

(t; tD)(a;, x) := inf {t(a; — y^x — y) ^ Xo{y^y)]^ x ^ 

y&H 

fulhlls the parallelogram law and hence, according to the Jordan-Neumann theorem, t: tn 
is a form itself, see [5, Proposition 2.2]. In Section 3 we provide t; to in a different way: 
it is shown to be the quadratic form of an appropriately chosen positive operator. 

A natural generalization of positive operators of Hilbert spaces to Banach space setting 
is in considering linear operators of a Banach space E to the topological anti-dual E', 
satisfying {Ax,x) > 0. In Section 4 we introduce the parallel sum of positive operators in 
this setting. 

If / and g are positive functionals on a *-algebra £/ then, of course, t/(a, b) := f{h*a) 
and ig{a,h) := g{b*a) dehne nonnegative Hermitian forms on thus the parallel sum 
tf : ig of these forms can be considered. Nevertheless, it is not clear if if ■. ig = ih 
holds with some positive functional h. In Section 5, based on the Gelfand-Neumark-Segal 
construction we shall show that this is the case when considering representable positive 
functionals. Furthermore, we give a characterization of singularity of representable positive 
functionals in terms of the parallel sum. 

Finally, if .e/ is a Banach *-algebra, then we can associate two positive operators 
A,B : ^ —)■ with f,g, respectively, via formulas 

{Aa,b) := f{b*a), {Ba,b) := g{b*a). 

It turns out that the parallel sums of the functionals and their associated operators are 
closely related: if ^ is unital, then f : g = [A : B)l, and if ^ has an approximative unit 
(ei)jg/, then lim(A : B)ei = f : g in functional norm. 


2. Parallel sum of bounded positive operators on Hilbert spaces 

Let iL be a complex Hilbert space with inner product (■ | ■). Let A G A§{H) be a 
bounded positive operator on FT, that is to say, a continuous linear mapping of H into H 
whose quadratic form {Ax \ x) is nonnegative semidehnite. Recall that A fulhlls then the 
operator Schwarz inequality 

(2.1) ||Aa;||^ < ||A||(Aa; I x), x e H. 

Based on this inequality, Sebestyen [12] offered a useful factorization JaJa of A through 
an auxiliary Hilbert space, cf. also [10]. As Sebestyen’s construction plays an essential 
role throughout the paper we shortly invoke his treatment below. 

Let us hrst associate a Hilbert space Ha with A in the following natural way: Equip 
the range space ran A with the inner product 

(2.2) (AxjAy)^:=(Axjy), x,y e H. 

The Hilbert space Ha is obtained as the completion of this inner product space. Let us 
consider the canonical embedding operator Ja from ran A C Ha into iF, dehned by the 
identihcation 


(2.3) 


Ja{Ax) := Ax, 


X e H. 
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It is seen immediately from (2.1) that Ja is continuous, namely by the norm bound a/||A||. 
Hence it may be extended uniquely to a continuous linear operator Ja G ^{Ha]H). As 
ran A lies dense in Ha by dehnition, we see from 

{Ay I = {Ay \ x) = {Ay \ Ax)^, x,y e H, 

that admits the following canonical property: 

(2.4) J\x = Ax, X e H. 

This yields 

(2.5) JaJa^ = Ja{Ax) = Ax, X E H, 
whence we see that 

JaJ*a = ^ 

Let another bounded positive operator B E ^{H) be given. By the above construction, 
with A replaced by B, we associate a pair {Hb, Jb) to B. Consider the following three 
operators J, Ja and Jb oi Ha x Hb to H, dehned by 

{ J{Ax, By) := Ax + By, 

JA{Ax,By) := Ax, 

JB{Ax,By) := By, 

x,y E H. The reader can easily verify that the corresponding adjoint operators satisfy 

( J*x = {JaX, Jbx) = {Ax, Bx), 

(2.7) <! J\x = {J*aX,H) = {Ax,H), 

I — (0) Jb^) — (0) Bx), 

for all X E H. Let us denote by P the orthogonal projection of Ha x Hb onto {ran J*}^. 
Then the main result of the section reads as follows: 

Theorem 2.1. Let H he a Hilbert spaee and let A,Be J§{H) he bounded positive 
operators. Then JaPJa JbPJb bounded positive operators on H with the same 
quadratie forms given by 

inf{(A(a; - y) \ x - y) + {By \y) \ y E H}, x E H. 

In particular, JaPJa = JbPJb- 

Proof. Let us compute {JaPJaX \ x) for hxed x E H-. 

{JaPJaX I x) = {PJaX I P'Ja^)haxHb ~ dist^(Aa;; ran .J*) 

= inf{||(Aa;,0) - \ y ^ H} 

= inf{||(Aa;, 0 ) - {Ay, By)^^^^^^ \ y ^ B] 

= mi{\\A{x - y)\\\- \\By\\l\y E H] 

= inf{(A(a; -y)\x-y) + {By \y)\y eH}. 

A very similar calculation shows that the quadratic form of JbPJb equals 
mf{{B{x — y')\x — y') + {Ay' \ y')\y' E H}, x E H. 

Replacing x — y' hy y above it follows that the quadratic forms of JaPJa JbPJb 
equal, whence JaPJa = JbPJb well. □ 
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Following the usual terminology we shall call JaPJa parallel sum of A and B and 
we denote it by the symbol A : B. From the above theorem it turns out that A : B = B : A, 
and that A : B < A, B. 

We are going to present now another construction of the parallel sum. Let A,B E 
be positive operators. Consider the auxiliary Hilbert space Ha+b which is obtained 
as the Hilbert space associated with A+B. Let us denote by Ja+b the canonical embedding 
operator of ran(H + H) C Ha+b into iL, and introduce two further operators from Ha+b 
into H by setting 


r Sa{{A + B)x) = AP^x, 
\ Sb{{A + B)x) = BP^x. 


Then both Sa and Sb are linear contractions: 


||S'a((H + B)x)\\‘^ = {Ax I x) < ((H + B)x \ x) = {{A + B)x \ {A + B)x)^^g. 

It is seen similarly that Sb is a contraction as well. Our hrst observation is the following 
result: 


Lemma 2.2. Assume that A,B are bounded positive operators in the Hilbert spaee H. 
Then 


S^AP'^ + S*bBP‘^ 


J 


A+B- 


Proof. For x,y E H we have 


{S\AP^x I {A + B)y)^^g = {A^Px \ A^^y) = {Ax \ y), 

and similarly, 

I (A + = (B'/n \ B^'^y) = (Bx \ y). 


Hence 

(S-^A^/A + SiB^/n I (.1 + B)y),^, = ({A + B)x\y) = (J+bX \ (A + 

which yields the desired identity. □ 

Theorem 2.3. Let A, B be bounded positive operators in the Hilbert space H. Then 
(2.9) A: B = AP'^SaSbBP^ = bP^SbS^AP'^. 

Proof. Let us compute the quadratic form of A^PSaS’^B^P. By Lemma 2.2 we have 

{AP^SaS*bBP^x I x) = {S*bBP^x I S*^AP‘^x)^^^ 

= (J'a+b^ I - (s\A'/n I 

= WA-^'Af - \\S\Al^xfAxB > 0. 
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because S\ is contractive. Hence is a positive operator. Furthermore, since 

ran(H + H) is dense in Ha+b, we conclude that 

0 = inf \\S*aA^/‘^x + (H + B)y\\\^s 

yen 

= \\S*AA^^‘^xfA+B + inf | + B)y) 

yen 

+ + B)y I A^/^x) + ((H + B)y \ y)} 

= \\S*AA^^‘^xfA+B + inf {(Ht I y) + {Ay \ x) + {Ay \ y) + {By \ y)} 

yen 

= \\S*AA^^‘^xfA+B - I x) + inf {(H(a; - y) \ x - y) + {By \ y)} 

yen 

= ((H : B)x I x) — {A^^'^SaS%B^^‘^x \ x), 

which, together with the observation that ig symmetric yield (2.9). □ 

As an immediate consequence of this factorization we get another formula on the 
quadratic form of A : H, cf. also [6, Proposition 5.3]: 

Corollary 2.4. If A and B are bounded positive operators in the Hilbert spaee H 
then for any x E H 

{{A : B)x I x) = {Ax \ x) — sup{|(Aa; | i/)P | {Ay \ y) + {By | y) < 1} 

= {Bx I x) - sup{|(Ha; | y)\^ \ {Ay \ y) + {By \ y) < 1}. 

Proof. Since A ■. B = B \ A, ii suffices to show the first equality. We saw in the 
proof of Theorem 2.3 that 

((A : B)x I x) = {Ax \ x) — {S*aA^^‘^x \ S\A^^‘^x)^^g. 

Using the density of ran(A + B) in Ha+b, the second term of the right side can be 
computed as follows 

I = 

snp{\{SAA^^^x\{A +B)y)^^^\‘^ \ {{A + B)y\y) < l} 

= sup{|(A^/^a; | A^^^y)\‘^ \ ((A + B)y | y) < 1} 

= sup{|(Aa; | i/)n {Ay \ y) + {By \ y) < 1}. 

This yields the desired identity follows. □ 

Note that A^B admit the following factorizations 

A'''‘ = = SbU+b, 

whence, due to Theorem 2.3 we obtain that 

A : B = Ja+bABJ= Ja+bBAJj^j^j^, 


where A = SaSa and B = S’^Sb- Furthermore, we claim that 
(2.10) A + B = I, 
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where / stands for the identity operator of Ha+b- Indeed, for x,y ^ H one has 

iiA + B)iA + B)x\iA + B)y),^, 

= {Sa{A + B)x I Sa{A + B)y) + {Sb{A + B)x \ Sb{A + B)y) 

= {Ax I y) + {Bx I y) = ((A + B)x \ {A + B)y)^^^, 
which yields (2.10). We obtain therefore further factorizations of the parallel sum: 

Corollary 2.5. If A,B g I^{H) are bounded positive operators on the Hilbert spaee 
H then 

A: B = Ja+bA{I — A)J\^^ = Ja+bB{I — B)J’^_^_^ 

Proof. Immediately follows from our comments above. □ 

Corollary 2.6. If A,B g t^{H) are bounded positive operators on the Hilbert spaee 
H then 

A-.B = A^/\j _ SaS\)A^B = _ SbS%)B^B_ 

Here, I refers to the identity operator of the original Hilbert spaee H. 

Proof. For x,y E H we have 

((A : B)x I y) = {Ax \ x) - {S^A^B^ \ 

= {Ax I x) — I y) 

= {A^/\j_S^S\)A^B^\y), 

whence the hrst equality is clear. The second one is proved analogously. □ 

In [4], Fillmore and Williams proved that the range of {A : BY^ equals ranA^/^ fl 
ran5^/^. The above factorization enables us to describe the range of the square root of 
the positive operator A — {A : B). 

Theorem 2.7. Let A and B be positive operators in the Hilbert spaee H and let y E H. 
The following assertions are equivalent: 

(i) y E ran(yl — A : BY^‘^ ; 

(ii) y = lim Axn for a sequenee (a;n)neN of H with {A^^x^nm ond {B^BxYjnen con- 

n—>-OD 

vergent; 

(iii) The following inequality 

\{x\y)\^ < niy ■ sup{|(Aa; \z)\^\ {Az \ z) + {Bz | 2 :) < 1} 
holds for all X E H with some nonnegative constant iriy, depending only on y. 

Proof. Since A — {A : B) = Ja{I — P)Ja we hnd that y E ran(yl — {A : B)Y^‘^ if and 
only if 

y E ran Ja{I - P) = {z\ 3(^, y) E ran J*, z = Ja{^, y)} 

= {z I 3(a;„)ngN, {Axn, BxY) -E (^, y) in Ha x Hb, Axn -E z in H} 

= {z I 3(a;„)„eN, {A^^xYnen and {B^^xYneK converge and Axn z} 

= { lim Axn I {A^Pxn)neN and {BP‘^Xn)neN converge}, 

n^oo 

whence the equivalence of (i) and (ii) is clear. That (i) and (iii) are equivalent follows 
from Corollary 2.4 and due to [9, Theorem 1] characterizing the range of the adjoint 
operator. □ 
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3. Parallel sum of nonnegative Hermitian forms 

Throughout this section ^ is a complex vector space and t, to are nonnegative Hermit¬ 
ian forms on it. The parallel sum of t and tu was introduced by Hassi, Sebestyen and de 
Snoo [5] who employed it successfully by developing the Lebesgue decomposition theory 
of nonnegative sesquilinear forms (for an operator theoretic approach see also [14]). The 
main idea in their considerations was in going to the quadratic forms and proving that 
the mapping 

(3.1) X !-)■ inf{t(a; — y, x — y) + Ki{y, y) \ y E S’} 

satishes the parallelogram identity and hence it is a Hilbert seminorm by the Jordan- 
Neumann theorem (see [5, Proposition 2.2]). Below, we are going to provide the parallel 
sum as the quadratic form of an appropriate positive operator. 

First of all let us associate an auxiliary Hilbert space with t in the usual way: let iVt 
stand for the set {x E S \ i{x,x) = 0}. Then iVt is a linear subspace of S due to the 
Cauchy-Schwarz inequality. Thus 

{x + Ni\y + Ni)i-=i{x,y), x,y E S 

defines a scalar product on S/Ni. The Hilbert space Hi is obtained as the completion 
of this inner product space. Hilbert spaces and associated with tu and t-|-tu, 

respectively, are defined analogously. Observe also that correspondences 

(t + 7Vt+w,i/+ ^^t+«) i{x,y), {x + Ni+n,y + Ni + „) i-^ tu(a;,i/) 

are bounded forms in The Riesz representation theorem yields therefore two boun¬ 

ded positive operators T,W E ^{Hi+ra) which satisfy 

{T{x + Ni + „) \ y + Ni + „)t + n = iix,y), 

{W{x + Nt + „) \ y + + + „ = tv{x,y). 

Let us consider the product Hilbert space x and define three bounded operators 
Jt, Jw and J from Hi x into iLt + w; as follows: 

( J{x + Ni,y + N„) := T{x + Ni^id) + W{y + Ni^„), 

(3.2) < Jt{x + Ni,y + N„) := T{x + Ni^i„), 

( Jw{x + Ni,y + N„) :=W{y + Ni+i„), 

for x,y E S. The reader can easily verify that the adjoint operators J*, and satisfy 

( J*{x + Ni^n) = {x + Ni,X + Nn), 

(3.3) < J|.(a;-|-iVt + ro) = (t- f iVt, 0), 

[ 7(^(0;-|-= (0, T-|-iV^), 

for X E S. Let P stand for the orthogonal projection of Hi x H^ onto {ran The 

main result of this section reads us follows: 

Theorem 3.1. The positive operators JtPJt JwPJw equal and the form 

(t: rv){x,y) := {JrPJfix + Ni+i^) | y-F iVt + n,)t + „ 


satisfies 


(t: tt))(a;, x) = inf{t(a; -y,x-y) + rv{y, y)\yE S}. 
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Proof. Let us compute the quadratic form of (t : tu); 

(t: tD)(a;,a;) = {JtPJt{x + Ah+n,) | x + iVt + „)t + re = \\PJt{x + iVt + „)||^ 

= dist^((a; + iVt, 0); ran J*) = inf{||(a; — y + Nt, —y + \ y E 

= mf{t(a; - y,x - y) + n){y,y)\y E 
as it is stated. A very similar calculation shows that 

{JwPJwi^ + ^i + w) |a; +A't + w)t + ro = (t; tu)(a;,a;), 
whence JtPJt = JwPJw^ indeed. □ 

4. Parallel sum of positive operators of a Banach space into the anti-dual 

Let be a complex Banach space and denote by E' the topological antidnal space 
of E. That is to say, E' consists of all continnous conjngate linear fnnctionals of E to C. 
For given f E E' and x E E we shall use the notation {f,x) = f{x). Observe that E is a 
Banach space with respect to the naturally induced functional norm 

ll/ll := sup{|(/,a;)| \ xE E, |la;|| < 1}. 

Following the terminology of [13] we shall call an (everywhere dehned continnous) operator 
A : E ^ E' positive if the quadratic form of A (with respect to the antiduality) is 
nonnegative dehnite: 

{Ax, x) >0, X E E. 

Observe immediately that any positive operator A ■. E ^ E' is symmetric in the following 

sense: _ 

{Ax,y) = {Ay,x), x,y E H. 

This means that iji{x,y) := {Ax,y) dehnes a nonnegative Hermitian form on E. If we 
are given an other positive operator B E AS{E-, E'), we can dehne the parallel snm of the 
forms and ts in accordance with Theorem 3.1. Nevertheless, it is not clear at hrst look 
whether or not iA '■ = ^a-.b holds for some positive operator A: B E J^{E-,E'), which 

could be called the parallel sum of A and B. The pnrpose of this section is to prove that 
this is the case. 

The behavior of positive operators in this Banach space setting is very similar to that 
of Hilbert space operators. Therefore the vast majority of what has been said in Section 
2 can be transferred with minor changes to this setting. The main goal of this section is 
to give an analogue of Theorem 2.1 via a very similar factorization method. 

To begin with we recall briefly the constrnction of [13, Theorem 3.1]: Eqnip first the 
range space ran A of the positive operator A E J^{E-, E') by the following inner prodnct 

{Ax\Ay)^-= {Ax,y), x,y E E. 

In accordance with the former denotations, let Ha stand for the Hilbert completion of 
that inner prodnct space. As before, we consider the canonical mapping 

Ja : Ha ^ ran A —)■ E', Ax hA Ax, x E E, 

which turns ont to be continnous according to the Banach space variant of the Schwarz 
ineqnality [13, Lemma 2.3]: 

||Aa;|||, < ||A||(Aa;,a;). 

The adjoint operator J\, acting between the anti-bidnal E” and Ha, fnlhlls then the 
following canonical property: 

(4.1) {J\ojE){x) = Ax, X E E, 
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where jE '■ E ^ E" is the linear isometry 

x{f):=f{x), feE'. 

We obtain therefore the following factorization on A: 

(4.2) A = JaJa°3e- 

Due to this construction we can introduce the parallel sum of positive operators in this 
Banach space setting; let another positive operator B G AS{E\ E') be given and dehne the 
pari {Hbi Jb) as above. Dehne the operators J, Ja and Jb from Ha x Hb to E' by the 
formulae (2.6). Using (4.1) one can show that the corresponding adjoint operators satisfy 

( = {Ax,Bx), 

(4.3) {J^o jE){x) = {Ax,0), 

( {JB°jE){x) = {0,Bx). 

Let P be the orthogonal projection onto {ran(J* o j^)}-*-. Then we have the following 
Banach space variant of Theorem 2.1: 

Theorem 4.1. Let E be a complex Banach space and let A,B E A§{E] E') he bounded 
positive operators. Then positive operators JaPJa^Je and JbPJb^Je are equal such that 

{(JaPJ*aO jE){x),x) = mi{{A{x - y),x - y) + {By,y)\y E H], 

The proof is very similar to that of Theorem 2.1, we leave it therefore to the reader. 

5. Parallel sum of representable functionals on a *-algebra 

In this section we attempt to dehne the parallel sum of two representable positive func¬ 
tionals on a (not necessarily unital) *-algebra s/. Our approach is close to that employed 
in Section 4. 

Recall that a linear functional / dehned on a *-algebra s/ is called positive if f{a*a) > 0 
for all a E . Positive functionals play a particularly important role in the representation 
theory of ^-algebras. Functionals which may be written in the form 

/(a) = (7r(a)C| C), a E sA, 

where (■ | ■) is the inner product of some Hilbert space H and tt is a *-representation of 
in are of certain interest. Such positive functionals used to be called representable. 

The representability of a positive functional / depends on the following two properties 
(see eg. [ 11 ]): there exists a constant U > 0 such that 

(5.1) |/(a)p < U/(a*a), a G 
and for any a E s/ there exists Ma > 0 such that 

(5.2) f{b*a*ab) < Maf{b*b), b E . 

In that case, the well known Gelfand-Naimark-Segal (GNS) construction provides a Hilbert 
space FT/, a (cyclic) vector Qf and a *-representation tt/ of into Hf such that 

/(a) = (7r/(a)C/IC/)/, a G iz/. 

Let / and g be positive representable functionals on the *-algebra Let us introduce 
the forms t/ and t^, associated with / and g by setting 

tf{a,b) := f{b*a), tg{a,b) := g{b*a), a,b E . 
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Clearly, both if and ig are nonnegative Hermitian forms on the vector space hence we 
may dehne their parallel sum if : ig, according to Theorem 3.1. However, it is not clear 
if there exists a positive functional, say / : g, such that if : ig = if.^g. And if there does 
exist such an f : g, why should it be representable? The main goal of this section is to 
give positive answers to these questions: 

Theorem 5.1. Let f and g be representable positive functionals on the *-algebra . 
Denote by {Hf,nf,(f) and {Hg,ng,(g) the GNS-triples associated with f and g, respec¬ 
tively. Let n stand for the direct sum of Tif and Tig. Then the closure of following subspace 

(5.3) {^/(«)C/ ® 7rg(a)Cg | a E £/} C Hf Q) Hg 

is n-invariant. If P stands for the orthogonal projection onto its ortho-complement then 
the representable functional f : g defined by the correspondence 

(5.4) (/: ^)(a) := (7r(a)P(C/®0) |P(C/®0)), a E , 
satisfies 

(/ ; g){a*a) = inf{/((a — b)*{a — b)) + g{b*b) \ b E £/}, a E . 

Proof. We proceed as in the proof of Theorem 2.1 after making the observation that 
the closure Oft of (5.3) and are both 7r-invariant subspaces of Hf © Hg. Indeed, for if 
X E then 

TT{x){TTf{a)Cf © 7rg{a)Cg) = ■Kf{xa)Cf © 7rg{xa)Cg E Tl 

for all a E . Hence the 7r-invariancy of Olt clear. Since tt is a *-representation, we conclude 
that is 7r-invariant as well. Let now a E then by 7r-invariancy of we have 

(/ : 9){o*o) = (7r(a)P(C/ © 0) 17r(a)P(C/ © 0)) 

= (P7r(a)(C/ © 0) I P7r(a)(C/ © 0)) 

= dist^(7r/(a)C/ © 0; SR) 

= inf{||7r/(a)C/ © 0 - 7r/(6)C/ © Trg{b)Cgf \bE £/} 

= inf{lk/(a - b)Cf\\} + hf{b)Cf\\l \b E £/} 

= inf{/((a — b)*{a — b)) + g{b*b) \ b E £/}, 

as it is claimed. □ 

The representable positive functional / : g above is called the parallel sum of / and g. 
Just like in the former cases the reader can easily verify that (/ : g){a*a) = {g : f){a*a) 
for all a E , whence f : g = g : f. (Note that this conclusion uses the fact that the 
functionals under consideration are representable.) Consequently, we have 

(/ : 9){a) = (7r(a)P(0 © (g) \ P(0 © Cg)), aE 

Let us recall the notions of singularity and semi-singularity in the context of rep¬ 
resentable functionals: / and g are called mutually singular if h = 0 is the only rep¬ 
resentable functional which is simultaneously dominated by / and g. Furthermore, g is 
called /-semisingular if there exists a sequence (a„)neN in £/ such that f{a^an) -E 0, 
g{{cin — — am))) —t 0 and g{a^a) —)■ g{a) for any a E £/. Sziics [16] showed that 

the concepts of singularity and semisingularity coincide. In the next result, by using the 
concept of the parallel sum, we give an independent proof of this result and provide a 
Hilbert space geometric characterization of singularity. 
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Theorem 5.2. Let f and g be representable positive functionals on a *-algebra , 
with associated GNS-triples {Hf,7if,(f) and {Hg,ng,(g), respectively. Let 971 denote the 
closure of (5.3). Then the following assertions are equivalent: 

(i) f -9 = 0; 

(ii) C/®0 g971; 

(iii) 0 © Cs e 97t; 

(iv) m = Hf ® Hg; 

(v) (f ® (g is a cyclic vector for 

(vi) / and g are mutually singular; 

(vii) g is f-semisingular; 

(viii) / is g-semisingular. 

Proof. In the proof of Theorem 5.1 we have seen that 

(/ : 9){a*a) = dist^(7r/(a)C/ © 0; 971). 

Hence / : = 0 is equivalent with 7if{a)(f © 0 G 971 for all a G £/. Consequently, the 

equivalence of (i) and (ii) is clear by the 7r/-cychcity of C/ and by the tt/ © vr^-invariancy 
of 971. The same arguments show the equivalence of (i) and (iii). Observe immediately 
that (ii) implies Hj ® {0} C 971 and (iii) implies {0} © C 971. Thus (ii) together 
with (iii) imply (iv). The converse implication and (iv)y^(v) are obvious. Since f : g is a. 
representable functional such that f '. g < f and f '. g < g, we conclude that (vi) implies 
(i). Next we show that (i) implies (vi). Suppose therefore that f : g = 0 and consider a 
representable functional h on such that h < f,g. It is clear then that h : h < f : g = 0, 
that is h : h = 0. At the same time, a direct calculation shows that h \ h = \h which 
yields h = 0. Indeed, for a,b E £/ we hnd that 

h{{a - b)*{a - b)) + h{b*b) = h{a*a) - h{b*a) - h{a*b) + 2h{b*b) 

= h{a*a) + h({—j=a — \/2h)*{—=a — \/2b)] - h{a*a). 

Taking inhmum in b above yields {h : h){a*a) = ^h{a*a), as it is claimed. Now we see 
that (i)-(vi) are equivalent. Assume now (iv) and choose (a„)neN such that 7r/(a„)C/ —t 0 
and 7ig{an)Cg —t Cg- Then 

/(a„a„) = ||7i'j(an)C/||/ 0, 

®m)) ll^g(®n)Cg '^gi.^rn)Cg\\g t 0, 

and for a G ^ 2 / 

gi^anO) = ('Tg(a)((’g | T^g{ojn)C,g)g {T^g{(f)C,g \ C,g)g = g{a), 

which proves that g is /-semi singular, i.e., (iv) implies (vii). A very similar argument 
shows that (iv) implies (viii). Conversely, suppose that g is /-semi singular, and choose 
a corresponding sequence (a„)neN- As above, we see that 7r/(a„)C/ —t 0 and that the 
sequence (7rg(a„)Cg)neN possesses the Cauchy property. Denoting the corresponding limit 
by (, we claim that ( = (g. Indeed, for a G = 2 / 

K(a)C<; I (3)9 = 9{a) = lim ^«a) 

n—>-OD 

= lim {7rg{a)Cg \ 7rg{an)Cg)g = {T^g{a)Cg I Os) 
n—>-OD 

whence ( = (g, indeed. This means that (vii) implies (iii). The same argument shows that 
(viii) implies (ii). Hence the proof is complete. □ 
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Suppose now that ^ is a Banach *-algebra and /, g are representable positive (hence 
continuous) functionals on. Then one can associate positive operators A, B of into 
due to formulas 

{Aa,b) := f{b*a), {Ba,b) := g{b*a), a,bE^. 

As A, B are dehned on the whole space it follows by the Hellinger-Toeplitz theorem ([13, 
Theorem 2.1]) that A, B are continuous, i.e., A,B E ; s^'). We can consider therefore 
the parallel sum A : B E ; = 2 /') of A and B, according to Theorem 4.1. The question 
therefore arises if there is any connection between A : B and f g. Below we attempt to 
analyze this relation. 

To this aim we recall briefly a modified version of the GNS construction involving 
the associated positive operators. For the details the reader is referred to [13, Theorem 
5.3]. Consider the auxiliary Hilbert space Ha obtained along the procedure of Section 4. 
For fixed a G = 2 / let us dehne a densely dehned linear mapping 7r^(a) in Ha due to the 
correspondence 

TiA{a){Ab) := A{ab), b E sA. 

Inequality (5.2) forces tia{,o) to be continuous: 

{A{ab) I A{ab))^ = (A(a&), ab) = f{b*a*ab) < MJ{b*b) = Ma{Ab \ Ab)^. 

It is seen readily that a 1 —)■ 7r^(a) is a *-representation of in the Hilbert space Ha- 
Furthermore, from inequality (5.1) we infer that the correspondence 

Aa i-A /(a) 

dehnes a continuous linear functional of ran A C Ha- Hence the Riesz-representation 
theorem yields a unique representing vector £ Ha that satishes 

(Aa I Ca)^ =/(a), aEs^- 

One also easily verihes that 7rA(a)CA = Aa whence 

/(a) = (7rA(a)CA | Ca)^, a E - 

Let us introduce the triple {Hb,71b,Cb) analogously. Then, by (4.3), we conclude that 

ran( J* o j^) = {7rA(a)CA ® 7rB(a)Cs I a E £/}- 

Considering the orthogonal projection P of Ha x Hb onto fOT := {ran( J* o j^)}-*- it can be 
shown along the argument of the proof of Theorem 5.1 that Olt is © tta =: 7r-invariant 
and that 

(5.5) (/ ; g){a) = (7r(a)P(CA © 0) | P(Ca © 0)). 

Lemma 5.3. Let £/ be a Banach *-algebra with two representable positive functionals 
f,g on it. Then f : g equals the conjugate of the anti-linear functional Ja-P(Ca®0) E sA' , 
that is, 

(/: 5')(a) = (Xi®’(Ca® 0),a), aE ^/. 

Proof. Let a E , then we have by (5.5) and (4.3) 

(/ ; g){a) = (7r(a)P(CA ® 0) | P(Ca ® 0)) = (7r(a)(CA ® 0) | P(Ca ® 0)) 

= (Aa © 0 I P(Ca ® 0)) = (( Ja o j£/)(a) I P(Ca ® 0)) 

= {JaP{Ca ® 0), a). 


as it is claimed. 


□ 
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In the next two results we are going to point out the deep connection between the par¬ 
allel sums of representable positive functionals and of their associated positive operators 
under the additional conditions being either unital or approximatively unital Banach 
*-algebra. 

Theorem 5.4. Let be a unital Banach *-algebra with positive (hence representable, 
see [7]) functionals f,g on it. Then we have f : g = (A : B)l: 

if ■ 9){a) = ((^ : B)l, a), aE 

Proof. Observe immediately that Ca = A1 in this case. Consequently, by Lemma 
5.3, identity (4.3) and Theorem 4.1 we conclude that 

(/ : 9){a) = {JaP{A1 © 0),a) = (JaP( o a) = ((T : P)l,a), 

as stated. □ 

Theorem 5.5. Let £/ be an approximately unital Banach *-algebra with approximate 
unit (ei)ie/ and with positive (hence representable, see [7]) functionals f, g on it. Then 
f : g = lim (T : B)ei, where the limit is taken in the functional norm. 

i,I 

Proof. As limcja = a holds for any a E we conclude by continuity that 

i,I 

\imnA{ei){Aa) = lim( o j^)(eia) = o j^)(a) = Aa. 

i,I i,I 

Note that each approximative unit is norm bounded and each representation of a Banach 

*-algebra is continuous. Hence, being ran A C dense, we conclude that 

converges strongly to the identity operator of Ha- In particular, \mniA{,Gi)CA = Ca- Con¬ 
ti 

sequently, 

limP7r(e*)(CA © 0) = P(Ca © 0), 

i,I 

whence we infer that 

lim {A -. B)ei = lim JaP{J\ o (e*) = lim JAP7r(ei) (Ca © 0) 

2,7 2,7 2,7 

= 7aP(Ca©0) = f : 9, 

in functional norm, according to Lemma 5.3. □ 
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